Determining the pressure dependence of dynamic moduli in unconsolidated sediments is still an open problem in applied geophysics. This is because several petrophysical parameters affect the elastic response of the granular medium during compression. Effective medium theories based on the Hertz-Mindlin contact law estimate the effective moduli from petrophysical parameters. Among them, the Pride and Berryman model assumes that new contacts between grains are progressively created during compression. Furthermore, the gaps around rattlers are distributed following a power law with distance and the global strain can change either linearly or quadratically with the local strain. This identifies two types of strain accumulation. Quadratic strain accumulation is associated with grain rotation. We simplified this model by assuming a flat distribution of gaps around rattlers and we applied this simplified model to published ultrasonic measurements. By means of these measurements, we studied how the strain-accumulation mechanism affects the coordination number during isotropic compression. The coordination numbers were estimated by applying a DEM-based correction to the average-strain model. We observe that the majority of the experimental trends lay between the linear and the quadratic accumulation trends. Based on this result, we assume that the strain accumulation is a combination of the two mechanisms and we propose a formula to estimate the contribution of each mechanism. Furthermore, we note that, in the studied datasets, rotation affects larger grains (diameter approximately 500 m) more than smaller grains (diameter approximately 100 m). If further validated, this correlation could guide the determination of pressure trends for sands.
Introduction
Reliable pressure estimation of underground reservoirs is of great interest in the oil and gas industry because it permits safer operations during well drilling, and higher efficiency in oil recovery on a production reservoir. Nevertheless, obtaining reliable pressure fields of the subsurface is extremely difficult since we have often limited access to the underground soil, which is investigated mainly via echoes of elastic waves generated and recorded at the Earth surface.
To determine the pressure field, we must invert a rock physics model. A rock physics model returns seismic parameters, such as pressure-wave velocity (Vp), shear-wave velocity (Vs) and mass density ( ), given petrophysical parameters, such as lithology, porosity, fluid content and pressure. This procedure can be cast as a forwards model as follows:
where m includes the pressure field and the other petrophysical parameters, d is the seismic data and G is the rock physics model. In other words, to determine the pressure field, we must solve the corresponding inverse problem:
In classic methods used in the oil industry, the pressure field is derived by inverting the P-wave velocity field only (Eaton 1975; Bowers 1995) . However, Landrø (2001) noted that a change in the fluid content, e.g. from gas to brine, and a change in pressure affect the P-wave velocity in a similar way, such that to distinguish between fluid and pressure changes it is necessary to monitor also the Vs-converted waves in timelapse seismic data. In addition, according to Terzaghi equation, the effective pressure field is given by the difference between the lithostatic pressure and the pore pressure weighted by the Biot parameter, which is frequently assumed equal to 1.
The efficiency of pressure estimation relies on the correctness of the employed rock physics model. Rock physics models depend on lithology and for sedimentary silico-clastic rocks lithology can be roughly classified into sand or shale. Among the two, sands are an interesting research target for the oil and gas industry because they are porous, and can be a reservoir of oil and natural gas. From a physical point of view, unconsolidated sands are of interest because of their complex behaviour: microscopic analysis using photo-electricity showed that they are characterized by a heterogeneous internal stress field in which some grains sustain the stress forming chains of forces (Daniels et al. 2017) . These chains are subjected to buckling giving rise to meta-stable configurations (Jaeger et al. 1996) , furthermore, hysteresis in compression loops is typical (Zimmer 2003) .
A controlled environment, providing geo-mechanical and ultrasonic laboratory data, is the perfect set to gain more insights into the microscopic internal mechanisms that guide the pressure dependence of unconsolidated sands. With respect to seismic acquisitions, the system is scaled to a smaller size: seismic frequencies become ultrasonic frequencies and the area of investigation reduces from km 2 to cm 2 .
In the rock physics model, we want to focus on the effect of grain rearrangement and heterogeneity, and for this reason we limit investigation to dry samples such that we can neglect the effect of fluid in the pressure estimation.
The classical rock physics model that gives the pressure dependence of dynamic elastic moduli of dry sands is the Hertz-Mindlin (HM) contact model (Walton 1987) . This model describes dense granular packs and makes some severe assumptions, among which are that contacts between grains do not change during compression, the distribution of contacts is isotropic and porosity does not change. Furthermore, according to the HM model, local strains that affect single grains are affine with the global strain (affinity approx-imation) and the pack is treated as a homogeneous medium (mean field). A crucial parameter in the HM model is the coordination number, which is the mean number of contacts per grain. This parameter typically cannot be measured in laboratory experiments and is therefore estimated as a fitting parameter. The HM model predicts that the elastic moduli scale with a one-third power law with pressure.
Although being elegantly simple, the HM model does not accurately predict the majority of the observed laboratory data for which the pressure dependence scales with an exponent between a half and one-third (Goddard 1990; Zimmer 2003) . To overcome this wrong scaling with pressure, several authors have proposed evolutions and sophistications of this model. Truskett et al. (2000) noted that the compression rate guides the degree of ordering of the granular system, which in turn guides the elastic response of the medium.
Other authors relaxed the assumption of constant number of contacts during compression by allowing the number of contacts to increase during loading (Makse et al. 2004; Pride & Berryman 2009; Dutta et al. 2010; Saul et al. 2013) . Dutta et al. (2010) proposed empirical relations between coordination number and compaction based on ultrasonic laboratory data; Makse et al. (2004) proposed an empirical power law relation between coordination number and pressure based on numerical simulations and Saul et al. (2013) introduced a pressure-dependent parameter that controls how the elastic moduli vary with changes of coordination number as well as porosity and effective grain/radius angularity. Finally, Agnolin & Roux (2007) performed an accurate analysis of how the number of contacts changes due to several micro-mechanical parameters in numerical simulations. In the packs that they studied, the coordination number varies approximately in the range of 4.5-6.
In the present work, we follow the approach of Pride and Berryman. Pride & Berryman (2009) assume that a certain number of rattlers are present in the granular pack at low pressures and that these rattler grains are progressively incorporated in the backbone of the granular pack as the pack is compressed. With the term rattlers, the authors mean the grains that do not sustain the stress and are free to rattle (Agnolin & Roux 2007) , whereas the backbone is the ensemble of chains of grains that sustain the stress. The inclusion of rattlers is accomplished by introducing strain thresholds at which new force-bearing contacts are created in the classic Walton formula and by linking local displacement at rattler level to global strain. The authors propose two possible mechanisms to link local displacement with global strain and they call them mechanisms for strain accumulation. The first mechanism is the classic linear accumulation mechanism, which is due to simple compression of grains that remain in fixed positions. The second mechanism assumes that the grains can rotate during compression, resulting in a quadratic relation between local displacement and global strain 1140 Downloaded from https://academic.oup.com/jge/article-abstract/16/6/1139/5582273 by Universiteit Twente user on 08 January 2020 (Goddard 1990) . By applying their model to observed data from Domenico (1977) , they found that linear accumulation better fits the experimental trend.
The present work has two goals. First, we explore the micro-mechanical implications of the Pride-Berryman model. In this context, we observe that the Pride-Berryman model can be simplified assuming a flat distribution of gaps around rattlers (Sajeva & Capaccioli 2018) . This allows a relevant simplification of the model equations. We use this simplified model to study how the coordination number changes during isotropic compression by considering either linear or quadratic accumulations of strain. The second goal is to provide a macro-micro model that links the effective elastic response of the pack during cyclic loading (macro) with the coordination number increase (micro). The macromicro model permits us to make assumptions on the strainaccumulation mechanism. To this aim, we propose to apply a simulation-based correction to the coordination number inferred from the average-strain theory. We apply this macromicro model to sand data from Zimmer (2003) and we conclude that most of the pressure trends are located in between the two theoretical curves of pure linear and pure quadratic accumulations.
Theory

The Hertz-Mindlin model
According to the Hertz-Mindlin model (Walton 1987 ), a granular pack can be approximated by a homogeneous isotropic dense random distribution of identical rough spheres. The effective elastic moduli are:
where , are the grain Poisson's ratio and shear modulus, respectively, is the porosity, P is the isotropic confining pressure and n is the coordination number; that is, the mean number of contacts per grain. These equations are based on the following relevant approximations:
• The granular pack can be treated as a homogeneous medium via mean-field approximation by extending the contact mechanics of a single pair of grains. • Grains can be approximated as spheres of the same radius.
We know from experimental studies and numerical simulations that in realistic grain packs the stress field is not homogeneous, and instead it is characterized by chain forces (Daniels et al. 2017 ) and presence of rattlers (Agnolin & Roux 2007) ; that is, grains that are free to move inside the pack.
Another great limitation of the HM model is that it relies on the hypothesis of constant coordination number during compression, even though numerical simulations have shown that the coordination number increases with pressure even for dense random close packings. In Makse et al. (1999) , a glass-bead pack compressed from atmospheric pressure to 100 MPa displayed an increase in coordination number from 4.5 up to approximately 10.
Including rattlers in the backbone during compression
The Pride-Berryman model. Pride & Berryman (2009) , following (Goddard 1990) , proposed a theory in which gaps around rattlers close progressively during compression, such that new contacts among grains are progressively created during compression.
First, note that, being:
• n 0 the coordination number at a small initial pressure P 0 ,
• n ∞ the coordination number at large final pressure P ∞ and • N the total number of grains, then, the number of new contacts created during the loading path from P 0 to P ∞ is 1 2 (n ∞ − n 0 )N. In addition, Pride & Berryman (2009) supposed that:
• there are N r rattlers at P 0 , • all rattlers are incorporated in the backbone at the final pressure P ∞ and • all new contacts are due to inclusion of rattlers in the backbone.
Then, for each rattler that is included in the backbone, an average of
new contacts are created.
For each state of strain during compression, the number of rattlers as a function of coordination number is: Starting from these hypotheses, Pride and Berryman derived a relation between the increase of coordination number and the distribution of gaps around rattlers. We rewrite their formula in the following way (Pride & Berryman 2009 ):
in which p(u)du is the probability that, given a rattler, one of its neighbour grains is positioned within a distance u + du, where u is the amount of displacement undergone by each rattler when the strain level is .
In summary, the increase in coordination number is equal to the probability that a rattler is included in the backbone multiplied by the current number of rattlers, and by the average number of new contacts created as a new rattler is included in the backbone.
Pride & Berryman (2009) assume that the probability density p(u) of finding a neighbour grain within a distance u + du from a rattler grain is
where m is a model parameter that guides the shape of the distribution, and h is the maximum gap size around rattlers. The parameter h is a fraction of the mean grain diameter, D. Figure 1 shows how the parameters m and h affect the probability density. Figure 1a shows how p(u) changes with h for the special case in which D = 1 and m = 1. As h increases, p(u) spreads on larger domains. This behaviour is general, for varying D and m values. Differently, figure 1b shows how p(u) changes with m for the special case in which D = 1 and h = 1. Again, as m increases, p(u) from being focussed on the smallgap domain becomes flat through all the domain of displacements from zero to h. This behaviour is also general and independent from D and h values.
Note that, as h increases, u is allowed to assume larger values, and, analogously, as m moves from 0 towards 1, the density of u, from being focussed on zero distance, spreads towards larger distances and eventually becomes flat. In other words, m and h are inversely correlated.
The simplified Pride and Berryman model. The inverse correlation between m and h is problematic since our knowledge on the most appropriate values for both h and m in actual packs is limited. If we overestimate m, we consequently underestimate h, and vice versa. In other words, several (m, h) pairs fit sufficiently well the data, and we cannot be confident on single estimates of m and h. Taking this into account, we propose to simplify p(u)du, by assuming m = 1. In this way, the probability density is flat over the range 0 < u ≤ h:
Note that this is an over-simplification of the actual distribution of gaps in a grain pack, and numerical simulations suggest that smaller gaps are more frequent than larger gaps (Agnolin & Roux 2007) . To confirm it, we computed the distribution of gaps around rattlers at different pressures (e.g. 5, 10 and 15 MPa) for a mono-disperse packing under isotropic compression. Gaps are extracted as the minimum distances between rattlers and their neighbouring but non-touching particles. The parameters include Young's modulus E = 70 GPa, frictional coefficient tan( ) = 0.4 and Poisson's ratio = 0.2. In the computation, we considered rattlers all grains with less than four contacts. Figure 2 shows the histogram of gaps (minimum distances) around the rattlers defined as particles with 0, 1, 2 or 3 contacts. The blue columns indicate the histograms at 5, 10 and 15 MPa. It appears that the peak at small distance diminishes as the pressure increases forming a progressively flatter profile. The fitted probability density is plotted as red 1142 Figure 2 . Example of gap distribution around rattlers, computed from a DEM simulation of monodisperse frictional grains undergoing isotropic compression. Histograms are superimposed with theoretical curves of equation (8), using h = 1 m (green) and h = 2 m (red), and fitting for the m parameter. and green solid lines in the figure. In the computation, we used h = 1 m (green) and h = 2 m (red). Using h = 1 m, we obtain a good fit of the small gaps but the tail of larger gaps is cut out. This choice returns m = 0.4 for 5 and 10 MPa and m = 0.6 for 15 MPa. Using h = 2 m we can include larger gaps, nevertheless, the predicted curve does not follow the actual distribution. This choice returns m = 0.2 for 5 and 10 MPa and m = 0.4 for 15 MPa. Values smaller than 1 are in agreement with numerical simulations of, e.g. Agnolin & Roux (2007) . Noticeably, the value of m depends on the choice of h. These results confirm that the model that we propose is a simplification of the actual gap distribution which is also pressure dependent (the gap distribution becomes flatter as the pressure increases).
Nevertheless, the advantages of this simplification are:
(i) more intuitive modelling equations, (ii) removal of a bad-constrained parameter.
As a side note, the m = 1 approximation is also made by Pride and Berryman in the example shown in their 2009 paper. In the following, we present our set of simplified equations and we compare them with the original ones.
Accumulation mechanisms: linear or quadratic?. Equation (7) gives an infinitesimal relation between the creation of new contacts and the local microscopic displacement u. To obtain a rock physics model, we need a formula that links the local displacement with the macroscopic strain. Pride & Berryman (2009) proposed two mechanisms:
• linear accumulation: local displacement, u, accumulates linearly to generate the global macroscopic strain, , that is, everywhere in the granular pack, the macroscopic strain is linearly proportional to the microscopic displacement, = u D , where D is the mean grain diameter. • quadratic accumulation: if grains rotate during compression, the global strain changes proportionally to the square of the local displacement = 1 2 ( u D ) 2 (Goddard 1990) . Figure 3 illustrates an example of grain rotation. In the figure, a local strain l = D is applied in the direction initially connecting the two grain centres. This is accommodated by a rotation assuming that there are no lateral neighbours that inhibit the rotation. The resulting lateral displacement is u = D sin ≅ D √ 2 l . If we assume that the line segments connecting neighbour grain centres are isotropically oriented, the local strain l is the overall isotropic strain applied to the whole pack; that is, l = . For further details, see Pride & Berryman (2009) . 1143 Figure 4 . Example of coordination number curves when changing the value of the m parameter while keeping the other parameters fixed for the two accumulation mechanisms. Curves are computed from equation (11) in (Pride & Berryman 2009 ). Red dotted lines for = 1 and black solid lines for = 2. The parameter m ranges from 0.1 to 1 with incremental steps of 0.1. The other parameters are n 0 = 4; n ∞ = 10, D h = 20.
If we make explicit the dependence of the local displacement, u, to the global strain, , both mechanisms are described by the following unified expression:
where the parameter is the closure index and assumes a value of 1 for linear strain accumulation and 2 for grain rotation.
How coordination number changes with strain. According to the Pride & Berryman model (2009), the coordination number, n, increases during isotropic compression as a function of the volumetric strain, , following the incremental rule:
where
(12) Figure 4 shows an example of the influence of m in the evolution of the coordination number for a defined (n 0 , n ∞ , D h ) set for both accumulation mechanisms. Red dotted lines for = 1 and black solid lines for = 2. The parameter m ranges from 0.1 to 1, with step of 0.1 for both accumulation mechanisms. Note that when m approaches zero the two accumulation mechanisms approach, whereas using m = 1 emphasizes the differences between = 1 and = 2. In addition, for small m, the increase of the coordination number is limited to small strains, whereas, using m = 1, the coordination number increases more gently.
Assuming m = 1, equation (12) simplifies into:
For convenience, we write again this equation in the case of linear strain accumulation:
where we introduced the linear transitional strain t = ( D h ) −1 . The transitional strain is a limit strain that separates small-strain to large-strain domains. For very large strains ( ≫ t ) dn d ≈ 0, that is, the pack is dense and the coordination number does not change. Differently, for small and intermediate strains, the coordination number changes.
Integrating permits to obtain an explicit formula for the coordination number:
.
Note that here we assume that the initial strain is null. Pride & Berryman (2009) obtain an equivalent formula. For very small strains ( ≪ t ), we approximate the actual trend to the second order of the Taylor expansion:
Note that the second-order accurate term becomes relevant only when we approach t . Thus, for very small strains, the relation between coordination number and global strain is approximately linear.
Differently, for the case of second-order compaction mechanism, equation (13) becomes
Here, the quadratic transitional strain can be expressed in terms of the linear transitional strain as follows: 2 t 2 . Applying a change of variable and integrating permits to obtain the following explicit formula for the coordination number:
Note from equation (17) that in the limit of zero strain the derivative is infinite. That is, the formula is defined only for ≠ 0. Finally, it is reasonable to assume that both mechanisms could take place in the accumulation process, in this case, we can write the coordination number accumulation as a linear combination of the two mechanisms:
where is the percentage of grain subjected to rotation. Note that, since the transitional strain for = 2 is smaller than the linear transitional strain, the accumulation process for = 2 acts predominantly for small strains, whereas the linear strain accumulation dominates the behaviour for larger strains.
Estimation of the coordination number. To compare the theoretical trends for the coordination number of equations (15) and (18) with observed data, we need experimental measures of the coordination number. Coordination number can be measured by means of X-ray tomography (Hurley et al. 2017) . Nevertheless, this procedure is time consuming and it can be subjected to systematic errors in the detection of contacts (Wiebicke et al. 2017) . For this reason, experimental measures of the coordination number are not generally available in laboratory experiments. The data we work with are not provided with measures of experimental coordination number. Pride & Berryman (2009) implicitly estimate the coordination number from the Hertz-Mindlin model. We propose an analogous procedure. We estimate the experimental coordination number from the ultrasonic velocities propagating on unconsolidated sand samples, as follows:
(i) First, we compute the dynamic bulk modulus using:
where = (1 − ) grain , being grain the density of the grains.
(i) second, we determine the average-strain coordination number n (P, ) = argmin n ∈N |K HM (n, P, ) − K obs (P, ) |.
(21) (ii) next, we compute a correction for the average-strain coordination number based on numerical simulations. This third step is an innovation with respect to the Pride and Berryman approach and it is better outlined in the following paragraphs.
Up to (ii), we followed the Pride and Berryman approach. However, it is known that the average-strain theory is not sufficient to describe the elasticity of granular media. For instance, according to numerical simulations (Magnanimo et al. 2008 ) on isotropic sphere packs, there is a mismatch between the prediction of the HM model and the simulated effective dynamic elastic moduli plotted against their respective coordination numbers. This mismatch increases for low coordination numbers and is larger for the shear modulus than for the bulk modulus. To deal with it, we apply a correction to the average-strain coordination number of equation (21).
To estimate the correction, we make use of data from Magnanimo et al. (2008) . These data refer to four idealized granular packs of frictional identical spheres, having a porosity of approximately 0.36, shear modulus of the grains G = 29 GPa, Poisson's ratio of the grains = 0.2, radius R = 0.1 mm, friction coefficient during loading = 0.3 and different values of the friction coefficient during the sample preparation. Noticeably, all packs align in a n vs. KP 1∕3 graph. This suggests a general behaviour, which we exploit as follows. We compute the average-strain coordination number n using:
We compute the correction at n, as:
We use this formula to map the average-strain theory coordination numbers of equation (21) into more reliable estimates of the actual coordination numbers. Hereafter, we refer to the values of equation (21) corrected using equation (22) as the corrected average-strain coordination numbers. Further comments on this approach can be found in the Discussion section.
Applications
The datasets
We applied our approach to Vp and Vs measurements of ultrasound wave propagation, which were acquired by Zimmer (2003) on different sand samples. Acquisitions were performed by Zimmer in dry conditions during multiple isotropic compression cycles. From these measurements, we computed the dynamic bulk modulus. We performed our tests on two groups of sand samples: first, we studied three samples of the same quarry sand, the Santa Cruz agglomerate sand, which was sieved to obtain different granulometric distributions. Next, we tested three different beach sand samples.
Concerning the quarry sand samples, the first sample had a broad distribution of diameters (SC1) ranging from 0.50 to 0.06 mm; the second sample was sieved maintaining only the large fraction (SCbig) of the grain diameters, i.e. diameters larger than 0.32 mm, and the third one had a bimodal distribution with 35% of small grains (SC35small), i.e. with diameter smaller than 0.03 mm. Table 1 displays the granulometric properties and the initial porosities of these three sand samples. We derived the elastic moduli and densities of the grains by applying the Hashin-Shrikman formula, knowing 1145 Table 1 . Physical and granulometric properties of Santa Cruz sand samples (Zimmer 2003) . D N is the diameter threshold such that N% of the sample's mass is constituted of grains with diameters larger than this value; Cu is the uniformity coefficient: Cu = D 60 ∕D 10 and Cc in the coefficient of curvature: Cc = (D 30 ) 2 ∕(D 60 D 10 ).
Sample
Initial D the mineralogic composition of the Santa Cruz sand (Quartz 62%, K-feldspar 27%, Plagioclase 10% in weight). The three beach sand samples were from Galveston, Pomponio and Gulf of Mexico beach sands (Zimmer 2003) . The granulometric parameters, initial porosity and grain elastic moduli of these samples are shown in Table 2 . Concerning particle-size distribution (PSD), Pomponio contains the largest grains (more than 90% of the grains have a diameter larger than 0.25 mm). Galveston displays a rather narrow PSD (more than 90% of the grains have a diameter between 0.13 and 0.08 mm). The Gulf of Mexico has finer grains and a broad PSD. Figure 5 displays the average-strain coordination numbers with coloured hollow markers, and the corrected coordination numbers with coloured full markers for the three quarry sands (panel a) and for the three beach sands (panel b). Note that the values become more compact and larger than four after the application of the correction factor as expected for mechanical coordination numbers of jammed granular packs. Only the Gulf of Mexico sample displays values lower than four.
In the following paragraphs, we calibrate the Pride and Berryman model to coordination number estimates to infer the accumulation mechanisms. First, we focus on small-strain range. That is because we expect a larger number of rattlers in that range, hence higher probability of inclusion of rattlers in the backbone. Next, we consider the whole strain range.
Example 1: Small strains and linear accumulation mechanism
First, we tested how well the model fits the data in the case of small strains and linear accumulation for the three quarry sand samples. We assume to be in the small-strain range when the overall global strain is less than one quarter of the transitional strain.
We test the case of linear accumulation mechanism in the approximation of small strain by taking the first term only (black continuous line) and the first and second terms (black dashed line) in equation (16). These curves are shown in figure 6 together with the formula of equation (18) represented by a black dotted line. The model parameters used in the formula are: n 0 = 5.5, n ∞ = 10, D h = 20. This corresponds to a transitional strain of 0.5. In the figure, the coordination numbers of figure 5 are superimposed with coloured markers. Note that the small-strain approximation to the second term is a good approximation up to ≈ t 2 (see the inset for a zoom in on the small strains). Figure 5 . Estimation of coordination number from average strain theory (using equation (21)), and corresponding results after correction derived from numerical simulations (using equation (23)).
Figure 6.
Coordination number versus strain for three Santa Cruz-sand samples (Zimmer 2003) . The markers represent the coordination numbers estimated as corrected average-strain bulk modulus (see equations (21)-(24)). The black lines are obtained from equations (16) and (18) and correspond to linear strain accumulation. Linear transitional strain is t = 0.5.
Example 2: All strains and two accumulation mechanisms
In this paragraph, we explore how coordination number changes in the whole strain range, using both accumulation mechanisms: linear and quadratic. The markers in figure 7a show the corrected average-strain coordination number against strain for the previously shown three samples of Santa Cruz sand. The predicted trends for the two compaction mechanisms are determined using equation (13), and they are displayed with a dashed line ( = 1) and a continuous line ( = 2). Note that the data with largest granulometry is the one closest to the = 2 curve. This could indicate that sands with larger mean grain diameters are more affected by the rotational mechanism than sands with smaller mean grain diameters. Note also that the corrected average-strain data lay in between the two curves. This seems to indicate that both mechanisms occur during the compaction in the samples. For this reason, we apply equation (20). Figure 7b shows that varying the value of , we can get a good fit of the experimental curves. This suggests that part of the grains rotate, , and part of the grains are linearly compressed, (1 − ). Finally, we test the model on the three beach sands. Figure 8 shows the corrected average-strain coordination number versus strain, superimposed with linear combinations of = 1 and = 2 curves for different values of . In the figure, new data are shown together with the previous set of data for the sake of comparison. Concerning the accumulation mechanisms, in the Gulf of Mexico sample, the linear accumulation seems to be the prevalent mechanism ( ≅ 1), whereas for Pomponio sand the rotational mechanism best describes the data ( ≅ 0), Galveston sand lays in between the two trends ( ≅ 0.85).
A possible explanation of the different behaviours of the sand samples is that the accumulation mechanism is correlated with the mean diameter of the grains (D 50 ). In fact, the three sands differ in terms of D 50 : Pomponio has D 50 of ∼400 m, Galveston has D 50 of ∼130 m and Gulf of Mexico has the smallest grains D 50 of ∼80 m. This is in agreement with the previous example (figure 7), and also with Pride & Berryman (2009) who found = 1 for a sand with a mean grain diameter D 50 of ∼300 m. Figure 9 (Zimmer 2003) . The markers represent the estimated coordination number. The dashed and continuous lines represent two different strain accumulation mechanisms, respectively: linear ( = 1) and rotational ( = 2). (b) The same data as (a) with superimposed linear combinations of = 1 and = 2 curves for different values of (see equation (19)) with coloured lines. Single strain-accumulation curves are plotted with black dashed lines. displays versus the granulometric parameters (D50, Cu, Cc) for the six sand samples. A linear regression is performed from which we computed R2 and p-values. This analysis confirms that the only statistically significant correlation is between and D 50 . Nevertheless, this hypothesis should be further tested on a larger dataset.
Discussion
The DEM correction that we applied to the average-strain coordination number returns values that are in better agreement with the micro-mechanical constraint limiting the possible coordination numbers to values higher than or equal to four for jammed granular packs. However, values lower than four persist for the Gulf of Mexico beach sand at low strains. These values are probably due to inaccurate correction for that sample. A more accurate but also more computationally expensive procedure could consist of calibrating the correction for each sand sample. Another viable option could rely on estimating the coordination number from other rock physic models. To this aim, we tested the La Ragione & Jenkins (2007) model, which includes relaxation of pairs of grains and friction. Nevertheless, we dropped this approach because it returned values lower than four at small strains.
In figure 8 , we show that the Gulf of Mexico sample undergoes a mainly linear accumulation mechanism. However, the stress-strain history of the sample shows a large deformation during compression, such that we expect shear bands, non-affine motion and rotation/sliding of grains that correspond to quadratic accumulation. How is it compatible with linear strain accumulation only? Next, we discuss two possible hypotheses for this outcome: (i) as mentioned in the previous paragraph, for this specific dataset the estimation of the coordination number could be inaccurate, (ii) new contacts can be generated from grains already in the backbone that create stronger chains, rather than inclusion of rattlers; in this case, small increases in the stiffness of the backbone strongly affect the bulk modulus, and could mask effects due to quadratic rearrangement.
Another relevant point for models of rattler inclusion concerns the dispersion of radii of grains. The model that we propose assumes that the packing can be approximated as monodisperse. However, other works (Göncü et al. 2010; Kumar et al. 2014 ) based on DEM data show that the number of rattlers is larger for polydisperse packings. Consequently, an interesting possible evolution of this method could consist of including the dependence of strain accumulation on the dispersion of grain radii. To this aim, DEM simulations could be used as substitutes of experimental data. This would permit researchers to perform a certain number of simulations in which only the PSD changes in such a way that D 50 , C u and C c vary uniformly. This approach can be used also to further support our claim that the amount of local grain rotations is correlated with the mean grain diameter.
Conclusions
The Pride-Berryman model provides a tool to understand how the dynamic bulk modulus of dry unconsolidated sediments changes under isotropic compression. This model explains the experimental data by progressively including new force-bearing contacts between grains in the backbone that bears the stress. We proposed a variation of this model in which the spatial distribution of gaps around each rattler is flat over a predefined range. We used this simplified model to study the rate of change of the coordination number with strain. We estimated the experimental coordination numbers by applying a correction to the average-strain prediction. Two accumulation mechanisms for local strain were discussed: linear (small translations/grains in place) and quadratic (grains rotate during compression). We applied the model to ultrasonic data of unconsolidated sands (both beach and quarry sands) from Zimmer (2003) . We showed that the two trends act as the upper ( = 2) and lower ( = 1) bounds of estimated coordination number data. The result that we obtained indicated that both mechanisms take place and we proposed a formulation to roughly estimate the proportion of grains subjected either to rotation or to linear compression. We also noted a possible correlation between accumulation mechanisms and the mean grain diameter in the studied data, as the rotation affects packs with larger grains (diameter approximately 500 m) more than packs with smaller grains (diameter approximately 100 m).
